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Depth of Penetration of Hypervelocity Projectiles
T. D. RlNEY*

General Electric Company, King of Prussia, Pa.

The equations governing the visco-plastic model of hypervelocity impact and a numerical
procedure for their solution are described. Preliminary calculations show that strength and
strain-rate effects are unimportant during the early stages of the cratering process although
they predominate during the late stages. Calculations are presented describing the flow field
for a cylindrical projectile impacting a thick target of like metal. It is shown that momentum
scaling cannot be justified; energy scaling for geometrically similar impact situations is pre-
dicted. The depth of penetration is therefore related to impact velocity VQ according to Pc =
Kevo2^ for VQ greater than a threshold value for energy scaling. Strength effects of the target
do not vanish with increasing impact velocity.

Nomen cl attire

nj = stress tensor
8ij = unity when i = j, zero otherwise
DJ,J = strain-rate tensor
D2 = second invariant of strain-rate deviator tensor
r2 = second invariant of stress deviator tensor

IJL = strain-rate coefficient
So = yield value of shear stress
rjQ = viscosity factor in strain-rate coefficient
p = density of medium
PO = density of undisturbed medium
/ = specific internal energy of medium
(r, $} z) = cylindrical coordinates
(u, 0, v) = velocity components in cylindrical coordinates
TZZ = longitudinal stress in one-dimensional case
X = compression ratio across a shock ( = PO/P)
VQ = impact velocity
VQ = impact velocity with geometry scaled to compare

with VQ
VQ* = threshold value for energy scaling
L = radius of cylindrical projectile
I = length of cylindrical projectile
h = thickness of plate target
Z+ = total forward axial momentum
R+ = total outward radial momentum
At = time lag between cratering processes
ti = time for edge rarefaction to catch shock front in

target at the axis
tz = time for edge rarefaction to catch shock front in pro-

jectile at the axis
R! = position of shock front in target at ti
R2 = position of shock front in projectile at t%
tt = time for edge rarefaction to first reach axis at moving

interface
Ri = position of interface at ti
TI — time required for shock in projectile to reach its rear

surface
IQ = projectile length for which fe = n
h0 = target depth at which edge rarefaction reaches axis in

target simultaneously with the shock
Ds = diameter of sphere having volume equal to that of

the projectile
Pc = penetration depth of crater

Introduction

FOE, satellites and for manned space flight, the presence of
meteoritic material in space accounts for one of the im-

portant environmental hazards. The velocity of the meteo-
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roids is estimated to range from 0.5 to 7.2 cm/Aisec.t A
similar problem, potentially, is the damage that may be in-
flicted on a ballistic missile by high-speed particles produced
and directed by artificial means. For these reasons, increas-
ing attention has been focussed in recent years on the prob-
lems attendant to the collision of a projectile and a target in
the hypervelocity regime.

Laboratory techniques at present are only capable of pro-
ducing reliable data at velocities of less than about 1.0 cm/
jusec. A great deal of data are available describing the
craters formed in semi-infinite targets at these lower speeds.

Several authors have fitted formulas to the composite firing
results of various experimenters. Bruce1 concluded that
above a certain threshold velocity VQ* the depth of penetration
of a projectile in a semi-infinite target varies with the impact
velocity according to Pc = (7i^0

2/3. Herrman and Jones2

found that an empirical fit from very low velocity data to the
highest velocity data available could be obtained using a two
parameter expression of the form P = (72 ln(l + Cs^o2). They
also found that the upper end of the experimental data could
be fitted by a power law with exponent n = f. Others have
obtained power law fits where the experimental data were
divided into low and high velocity ranges, divided at the bulk
sonic wave velocity of the target.3 They used exponents of
n = 1 and n = -f to fit the low velocity data and high velocity
data, respectively.

These empirical fits are useful for interpolation purposes
within the velocity ranges covered by the data. Without a
rational theoretical basis, however, the empirical fits furnish
no more information than is contained in the experimental
data. Extrapolation to other materials or to velocities greater
than about 1.0 cm//isec is hazardous if based solely on such
formulas.

The first serious attempt to calculate the phenomenology of
hypervelocity impact from basic physical assumptions was
made by Bjork.4 Bjork used a hydrodynamical model and
treated the rotationally symmetric case of two-dimensional,
unsteady, compressible flow in a semi-infinite target under
normal impact by a cylindrical projectile of the same ma-
terial. Such calculations provide the shock-wave time
history and the flow of material behind it. For the surface
representing the final crater radius, Bjork chose the instant
when a stationary region of relatively low pressure was ap-
proximated and identified this region by the appearance of a
distribution of small velocities that are randomly orientated.
On this basis he concluded that the penetration depth for
velocities of 0.5 to 7.2 cm//zsec varies according to the power
law but with n = -g-.

f The gram-centimeter-microsecond system of units is used
throughout this paper. The unit of stress becomes the megabar
(Mbar).
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Fig. 1 Illustration of the crater-
ing and penetration of a structural
member by a hyper velocity projec-
tile: a) axial section of configura-
tion at impact, b) generation of
pressure pulse between shock
fronts in projectile and target, c)
material ejected from target sur-
face and the pressure pulse propa-
gates into the target, and d) spalla-
tion at opposite free surface result-
ing from reflection of pressure

pulse.
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For several years researchers in the hypervelocity field re-
mained divided in their conclusions. Some investigators
adhered to the -§- power extrapolation of empirical fits to the
data, and others relied on the predictions of Bjork.

During the past year Walsh and Tillotson5 employed the
inviscid fluid model and also used the same basis numerical
scheme used by Bjork. They recognized, however, that the
riydrodynamic approximation alone becomes invalid in the
latter stages of the crater formation because the influence of
the target's strength can no longer be neglected. They termi-
nated the hydrodynamic calculations at a pressure of 1 Mbar
and then demonstrated how the results can be used, together
with experimental data and an equivalence principle, to
•establish an expression for crater depth.

The equivalence principle used by Walsh and Tillotson
.states that, if, at any time during the formation of craters
resulting from two different impacts, the flow fields are
identical, then the subsequent reaction of the target to the
action of the pressure pulses will also be identical. By appli-
cation of this principle they reject the n = -J conclusion of
Bjork and arrive at the value n = 0.62 that more nearly cor-
responds to the empirical formulas espoused by many experi-
mentalists.

If two flow fields in a given material are truly identical at
any stage, then their subsequent effects on the target must
certainly be identical. Questions only arise as to the accu-
racy of their calculations and the degree that the calculations
.are identical. The impasse of the theorists at the recent
Sixth Hypervelocity Symposium has been described in detail
by Eichelberger6 and discussed by Heldenfels and Hurlich7 in
their recent review article.

In this paper calculations are presented describing the
•cratering process for a cylindrical projectile impacting a
thick target of like metal (Fig. 1). It is shown that mo-
mentum scaling cannot be justified and that energy scaling
for geometrically similar impact situations is accurately pre-
dicted upon taking into account the different rates of shock
propagation during the early stages of the cratering process.

Visco-Plastic Model

Since the establishment of a crater of fixed size implies that
material has been brought to rest, it seems clear that at large
time a transition must actually be made from the hydro-
dynamical model to a theory that accounts for the strength of
the target. For, the inviscid hydrodynamic model itself
predicts pressures comparable to or less than the shear
strength of the target during the later stages of flow. A

visco-plastic model has evolved which bridges the transition
from the early stages, when the hydrodynamic model is a good
approximation of the phenomenon, to the later stages when
strain-rate and strength effects must be included in the de-
scription.8' 9 The model neglects elastic and strain-harden-
ing effects and assumes that the stress tensor rij and the
strain-rate tensor Dij are related by a constitutive relation of
the form

- | divu (1)
where p is the thermodynamic pressure, /* the flow resistance
coefficient, and u is the velocity vector. Given the required
relations for p and /z, (1) may be incorporated into the partial
differential equations expressing conservation of mass, mo-
mentum, and energy to obtain the system of equations govern-
ing the model (see Appendix) .

Realistic expressions for the thermodynamic pressure as a
function of the density p and specific internal energy J,

P = g(p,I) (2)
have been constructed from theoretical considerations and
from experimental studies of one-dimensional stress pulses
induced by metal-metal impact of two plates, the one pro-
pelled by a high explosive. J All common metals have been
fitted by the same form of the expression g(p,I\ only the
values of the constants occurring vary from metal to metal.

The principal uncertainty in the visco-plastic model is the
lack of data on strain-rate effects under the extreme condi-
tions operative during hypervelocity impact. The bulk of
the studies with attention to strain-rate effects are for the
cases in which longitudinal plastic stress waves of relatively
low amplitude are propagated along bars. The maximum
strain-rates obtained are of order 10 ~3 to 10 ~2 l//zsec, and
the resulting data have been fitted into a polytropic frame-
work. Several empirical relations between stress and strain-
rate have been proposed which have proved adequate under
conditions similar to those in which the data were generated.
These rate-dependent, rigid-plastic relations may, in the ab-
sence of more realistic information, reasonably be applied in
the later stages of flow in the applications of interest here.

Some of the available experimental data have been brought
together within a framework general enough to permit the
extrapolation of these one-dimensional empirical formulas in a

t The equation-of-state fit was made by R. K. Osborne and
his associates in group W-4 at Los Alamos. The expression
g(p)I) and the constants for several metals are given in Refs. 9 and
10.
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Fig. 2 Calculated shock profiles in mild steel for a final
compression ratio Xf = 0.9 when n is assumed to follow

a) linear law, b) power law, and c) logarithmic law.

natural manner to the tri-axial case,
sions considered are as follows§:

Linear Law

= (S,/\D\)
Power Law

Logarithmic Law

M = GSo/|D|)

Three of the expres-

(3a)

(3b)

(3c)
provided \T ^ SQ. JJL = QO in each case when \T\ < S0.
Here, D2 and r2 are the second invariants of the strain-rate
deviator tensor and the stress deviator tensor, respectively.
In (A5) of the Appendix the expressions for D2 and r2 in
terms of the velocity components are defined for the axially
symmetric case. The definitions are the conventional ones
for fluid dynamics but twice those for plasticity theory. S0,
770, and d are material constants estimated from the low
amplitude plastic wave experiments.

The shape of the profile in the shock transition region for
steady one-dimensional stress pulses have been calculated
for a number of these extrapolated estimates for ju.10 In
Fig. 2, the calculated stress profiles are depicted for mild steel
in the case that the final compression ratio is Xf = 0.9. The
results are shown for three choices of the parameters for each
of the three forms of IJL. It is clear from Fig. 2a that the
linear law spreads the shock too far to be realistic in the mega-
bar range. The same is true for the power law if d = 3.
The profile determined by the power law depends mainly on
the choice of d, being relatively insensitive to changes in 770-

§ The original investigations on which these strain-rate laws
are based are cited in Ref. 9.

Although the logarithmic law provides a steep front near the
inflection point, it is extremely slow in reaching the asymp-
totic value of 0.15 Mbar.

Calculations were also made for some parameter choices in
the case Xf = 0.8. Then the longitudinal stress at the crest
of the stress pulse is (~rzz)f = 0.51 Mbar, and a steady plane
wave should have an extremely sharp front. The logarith-
mic law and the power law with 5 = 5 are compatible with
this requirement.

On the basis of these calculations it was concluded that, of
the three choices for /z, the power law with 5 ^ 5 provides a
reasonable choice for the flow resistance coefficient in the
absence of more accurate information. The choices that are
being used are:

Aluminum

SQ = 0.00162

Steel

= 0.00125

770 = 0.003

770 = 2.7

d

d =

(4a)

(4b)
These values lie within the range of values listed in Table 1
and are therefore compatible with observed strain-rate effects
in plastic waves as well as the very abrupt shock profiles
known to exist at higher pressures.

Method of Solution

The particle-in-cell numerical scheme developed at Los
Alamos12 for two-dimensional hydrodynamics has been ex-
tended to treat the visco-plastic equations governing the
axisymmetric impact problem. A step-by-step prescription
for carrying out the numerical calculations for the visco-plas-
tic equations has been presented previously13.14; here the
scheme will only be described in general terms.

An axial section of the projectile-target configuration is
superposed by the fixed space mesh used to describe the sub-
sequent motion of the configuration. On this plane of sym-
metry the cells of the space mesh appear as rectangles al-
though each cell is actually a toroid of revolution. The pro-
jectile-target material is represented on this axial plane by
discrete mass point called "particles"; each particle is ac-
tually a circle about the axis of symmetry. Each particle is
assigned a fixed mass whose value is proportional to the radius
of the cell within which it lies originally, i.e., at t = 0. The r
and z coordinates of each particle are stored in the computing-
machine memory. These are changed in time in accordance
with the subsequent motion of the material through the fixed
mesh of computational cells. The conservation of mass is
therefore automatic.

At the end of nth time cycle, the mass (equal to the sum of
the masses of the particles located in that cell), velocity, pres-
sure, and specific internal energy are associated with each
cell. To obtain the corresponding data at the end of the (n +
l)th time cycle, one makes a three-phase calculation. In
phase I, the cellwise field functions are changed, neglecting
the motion of the medium. Thus, the transport terms are
dropped from the momentum and energy equations and
(A2), (A3), and (A4) are replaced by difference formulas for
computing tentative new cellwise velocity components and
specific internal energy. In phase II, the mass particles are

Table 1 Ranges of values estimated by Symonds and
Ting11 for the parameters in the power law for mild steel

and structural aluminum0

Metal S0 X 103

Mild steel
Al 6061-T6

1.25
1.62

2.7 - 18
0.003-0.154

4-6
4-8

a The estimates are based on the results of a number of experimenters
and are expressed in the gram-centimeter-microsecond systems of units.
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moved according to the velocity of the cell in which it is
located and the velocities of the neighboring cells. In moving,
the particles carry their share of the cellwise energy and
momentum with them; the field functions are then recalculated
to account for the motion. In phase III, various functional
are computed which furnish checks on the accuracy of the cal-
culations. For example, books are kept on the total axial
momentum and total energy of the system. These quantities
are rigorously conserved during the calculations of both
phases I and II (no truncation error).

At the end of phase II of each time cycle, a tentative value
for the pressure pitj to be used in the next time cycle is first
computed for each cell (i, j ) . Then the hypothesized frac-
tion criterion is applied to the cell and, if satisfied, one sets
pitj = 0. If the criterion is not satisfied, the metal remains a
continuous medium in cell (i, j) and one sets pi}j = p i , j .

As time goes on, the size of the crater increases, and the
stress wave propagates further into the target. More target
material must then be covered by the calculation mesh than
is necessary at earlier times. As the dimensions of the
disturbance increase, however, sufficient resolution may be
obtained by using a larger net size, in both time and space,
than was permissible during the initial stages of the process.
It is therefore advantageous to repartition the system during
the course of a computational run. The method used is to
double the linear dimensions of the cells, i.e., four of the
original cells are combined to form a single enlarged cell in the
new mesh. The area covered by the mesh is thus increased
fourfold without increasing the number of cells in the mesh.

Calculations with Complete Model

The computer program (PICWICK) developed to carry
out the calculations is capable of using various choices for the
equation of state and the flow-resistance coefficients /*. The
choices (4) have been incorporated into the program and
some calculations made to investigate a) the strain-rate ef-
fect in the cavitation region behind the shock front where
both the pressure and strain rate are less than in the front
itself, and b) the strain-rate effect on the pulse itself after it has
decreased to the order of tenths of megabars and below. At
the time this paper is being assembled, the calculations with
the complete visco-plastic model are not complete but some
conclusions may be drawn.

Calculations for both aluminum-aluminum and iron-iron
impact at v0 = 0.76 cm//zsec, for the choice of /z listed in (4a)
and (4b), respectively, have been carried to the stage that the
peak pressure has dropped below 0.3 Mbar. Only slight
changes using either (4a) or (4b) are discernible when com-
pared with the corresponding calculations with /x = 0 (i.e.,
hydrodynamic calculations).

The fact that the inclusion of JJL does not alter the flow
process significantly until the pressures are well below 1
Mbar justifies continuing the hydrodynamic calculations to
relatively low pressures. The limit of the validity of the
hydrodynamic model probably lies between 0,04 and 0.3
Mbar since Jones, Neilson, and Benedick15 have observed

>-la:

-0 !'•'.

Fig. 3 The mass point plot at t = 0.249 /tsec after impact
of a cylindrical iron projectile into an iron target at VQ =

2.0 cm/jusec.

stress profiles in explosively generated plane waves in alumi-
num and iron up to 0.04 Mbar. They have not, however,
determined the effect of varying the load level.

For pressures below about 0.2 Mbar the calculations be-
come less accurate. The program is currently being revised
to improve the resolution by the use of external storage and
the replacement of the discrete mass particles by a continuous
mass representation.

However, simultaneous with the investigations of the
strain-rate effects, the PICWICK code has also been used
extensively for the special case AI = 0 in order to resolve the
controversy discussed in the earlier part of this paper. These
results are of immediate interest.

Calculated Flow Fields

Immediately upon impact of a metal projectile and metal
target at a hypervelocity, pressures of the order of megabars
are produced near the contact interface. Shock fronts
originating at the contact surface then propagate upward
into the projectile and downward into the target (Fig. 1).
From the initial instant a rarefaction wave, originating at the
periphery of the contact surface, propagates into the high-
pressure region at a velocity greater than the shock velocity.
The rarefaction wave thus catches up with and degrades the

Table 2 Points in time and space at which the shock fronts, rarefaction waves, and the configuration surfaces interact"

Point of
interaction

ti/L = fe/L
Ri/L
RZ/L
ti/L
Ri/L
T\/l
IQ/L = HQ/L

I
Al

1.116
1.178
0.330
0.891
0.339
0.947
1.178

;0 = 0.76 cm/
Fe

0.963
0.963
0.231
0.827
0.314
1.000
0.963

At sec
Pb

1.208
0.938
0.019
1.090
0.414
1.289

, 0.938

Al

0.658
1.188

-0.127
0.581
0.581
0.553
1.188

VQ = 2.0 cm//* sec
Fe

0.499
0.945

-0.053
0.456
0.456
0.528
0.945

Pb

0.737
1.142

-0.332
0.683
0.683
0.645
1 . 142

a The vaules in this table were supplied by J. F. Heyda and are valid for like metal impact.
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Fig. 4 The mass point plot at t = 0.564 jusec after impact
of a cylindrical iron projectile into a thick iron target at

VQ = 2.0 cm//*sec.

Fig. 5 The mass point plot at t = 2.618 jusec after impact
of a cylindrical iron projectile into a thick iron target at

VQ = 2.0 cm/Msec.

shock fronts in the projectile and target. The edge rarefac-
tion wave separates the unrelaxed pressure pulse into two re-
gions upon propagating inward to the axis of symmetry.
Rarefaction waves also occur when the shock fronts in pro-
jectile and target reflect at free surfaces of the projectile
target configuration.

The shock dynamics during the early stages after impact
of a right circular cylinder have been studied in detail.16 It
suffices here to use the results of the study in interpreting the
flow fields computed using the PICWICK code. Typical
calculated points in space and time at which the pressure
pulse, the rarefaction waves, and the geometry interact are
listed in Table 2. The definitions of the notations used there
and in the following discussion are given in the Nomencla-
ture.

Calculations have been made for like metal impact of
aluminum, iron, and lead for impact velocities of ^o = 0.76
and y0 = 2.0 cm/jusec. In the case of aluminum, the impact
velocities VQ = 4.0 and 6.0 cm/jusec have also been studied.
All these calculations were carried out for a cylindrical pro-
jectile of radius equal to length and a thick target (L = I =
0.26192 cm and h = °° in Fig. 1). The volume of the pro-
jectile is the same as that of T^~in.-diam sphere.

The PICWICK code provides for automatic plots of the
current positions of the mass particles, representing the pro-
jectile-target configuration, at any desired time cycle. In
Figs. 3-5 the mass particle plots at three stages of the crater-
ing process are depicted for iron-iron impact at v0 = 2.0
cm/jusec. An outline of the original projectile-target con-
figuration is superimposed on the plots for reference purposes.
The characteristic mechanisms familiar from experimental
studies are clearly illustrated by these plots. These include
the formation of the backsplash at the periphery of the form-
ing cavity and the propagation of a nearly hemispherical
shock wave into the target. Some of the basic but more
subtle effects that have not been observed experimentally
may also be detected.

The edge rarefaction wave reaches the axis of the projec-
tile-target configuration at time t\ = 0.499 L = 0.131

Consequently, at the time depicted in Fig. 3, t = 0.249 jusec,
the pressure is already everywhere diminished below its one-
dimensional impact value, and the shock front in the target
is no longer planar even in the vicinity of the axis. The shock
in the projectile has already reflected from the rear surface of
the projectile at n = 0.138 jusec at which time the rear sur-
face was located a distance E2 = — 0.053L = —0.039 cm
above the target surface.

Figure 4 illustrates the same calculation only at 0.564
jitsec after impact. The mesh used in the computational
scheme has been repartitioned to permit a greater volume of
the target to be examined by the same number of computa-
tional cells. At this stage the shock in the target propagates
on a nearly hemispherical front. Experimental observa-
tion of the hemispherical front is sometimes cited as justifica-
tion for use of the spherically symmetric blast wave theory to
describe the shock propagation. Actually the amplitude of
the pressure pulse is not spherically symmetric; it decreases
from a maximum value near the axis to zero at the surface of
the target where it is reflected, causing material to be spalled
and ejected backward from the target face.

Figure 4 also illustrates a phenomenon that always occurs
in these thick target calculations. A high-density region is
formed in the target about one projectile radius beneath the
center of impact. From Table 2 it may be seen that for all
cases considered R\/L = 1, and the high density region is
located at the center of convergence of the edge rarefaction
wave.

Figure 5 depicts the mass particle distribution at 2.618
/xsec after impact. A second repartition of the computational
mesh has been necessary at this stage. The nearly spherical
form of the forming crater is clearly delineated.

Energy vs Momentum Scaling

Calculations for like metal impact of aluminum, iron, and
lead are available from the instant of impact until the pres-
sure has decreased to about 0.2 Mbar. Strain-rate and
strength effects may begin to become important at these final
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pressures, the hydrodynamic model has been a valid approxi-
mation to this point. The hydrodynamic equations may be
put into a dimensionless form, but not the equation of state
since it is an empirical fit. Except for this it would clearly be
possible to apply the results, with the proper scaling factors,
to any geometrically similar impact situation at the same
velocity and the same material.

To determine if the equation-of-state form prevents direct
scaling, the lead-lead impact at 2.0 cm//xsec was re-run with
the configuration scaled up in dimension by a factor of 3.
The results were practically identical to the scaled version.
Since the form of the equation of state is identical for all the
metals considered, it was concluded that scaling is justified in
the hydrodynamic regime for similar geometries of a given
metal and impact velocity.

The calculations at hand are sufficient to resolve the funda-
mental problem of whether the depth of penetration of a pro-
jectile is determined by the momentum of the impacting pro-
jectile, by the projectile's kinetic energy at impact, or by a
combination of the two.

The momentum and energy hypotheses have been tested
for all three metals by comparing the impact calculations at
VQ = 2.0 cm/jLisec with the impact calculations at VQ = 0.76
cm/jLtsec, where the latter are scaled to give either equal energy
or equal momentum:

Equal energy

L = I = 0.26192 cm VQ = 2.0 cm/jusec

L'/L = (%V)2/3 = 1.906 V = 0.76 cm/jusec

mass'/mass = (Z//L)3 = )2 = 6.9252

Equal Momentum
L = I = 0.26192 cm v0 = 2.0 cm/pisec

L'/L = (%V)1/3 = 1-38 V = 0.76 cm/jusec

mass'/mass = (L'/L)3 = v0/V = 2.632

v0'«.76 IMOMENTUM
L' - .3615 [SCALING

2 3
TIME AFTER IMPACT (yxSEC)

Fig. 6 Total forward momentum in a thick target as a
function of the time since impact of a lead projectile and

target.

For aluminum, calculations at VQ = 4.0 and ^o = 6.0 cm/jusec
are also available, and these have also been scaled for com-
parison with the calculations at VQ = 2.0 cm/jusec. The cor-
responding formulas for penetration depth are:

Equal Energy

Equal Momentum

PC/L =

PC/L =

(5a)

(5b)
Two important characteristics of the flow field are the total

forward momentum and the total outward radial momentum
present within the target at any instant of time :

R+ = (6)

The plus indicates that the sums are extended only over posi-
tive values of u and v. These quantities are computed dur-
ing each cycle of the calculations. Their values may also be
scaled. For example, the results at VQ = 0.76 cm//zsec under
the hypothesis of equal energy are scaled by multiplying R+
and Z+ by 6.9252 and length and time by 1.906. Momen-
tum scaling requires that R+ and Z+ be multiplied by 2.632
and that length and time be multiplied by 1.38. Represent-
ative results are given in Figs. 6 and 7.

In Fig. 6 the calculated total forward axial momentum is
plotted as a function of time for lead impact at VQ = 2.0
cm/jitsec. Also shown for comparison are the total forward
axial momentum when the VQ = 0.76 cm/pisec results are
energy scaled and when they are momentum scaled. In
Fig. 7 the calculated total outward radial momentum is
shown for the same three impact situations.

It is clear from these results that momentum scaling cannot
be justified, but energy scaling of the results of the VQ' = 0.76
calculations gives values of Z+ and R+ that become closer to
the VQ = 2.0 cm/jLtsec values as time is increased. If one only
considers these total momentum curves, it appears that
energy scaling slightly overestimates the velocity dependence
of the hypervelocity damage mechanism and that the expon-

| 2 3 4
TIME AFTER IMPACT (/tSEC)

Fig. 7 Total positive radial momentum in a thick target
at indicated time since lead-lead impact.
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V0 = .76 \ENERGY
L'=.499JSCALING

1 2 3
TIME AFTER IMPACT (p. SEC)

Fig. 8 The position of the peak axial pressure as a func-
tion of time for lead-lead impact.

0 0.5 1.0 1.5 2.0 2.5
CORRECTED TIME SINCE IMPACT (/i SEC)

3.0

Fig. 10 Total forward momentum in the target as a
function of the corrected time since impact of an alumi-
num projectile and a thick aluminum target; the num-
bers on the curves indicate the various impact velocities.

ent in the penetration formula (5) should be slightly smaller
than -§-. This was the conclusion of Walsh and Tillotson.5
They found that an exponent between 0.58 and 0.72 brought
their energy equivalent Z+ and R+ curves into close agree-
ment. Different values of the exponent were required for
different velocity ranges and for different metals.

The results discussed in the next section show that this
apparent variation in the exponent for different materials and
velocity ranges may be explained by the failure to account for
a time differential when comparing equivalent energy im-
pacts.

Threshold of Energy Scaling

When comparing the deformation waves associated with
two impact velocities of equivalent energy VQ > t>0', the char-
acteristics during the initial stages are of course quite distinct.

[LEAD]

ENERGY I V0= .76
SCALING [ L' = .499~7

The higher velocity projectile will produce larger pressures
upon impact, and the pressure pulse will propagate at a faster
velocity into the target. The pressure pulse associated with
the lower velocity will require more time to reach a specific
distance below the target surface.

To determine the time lag AZ between pressure pulses of
equal energy, the peak axial pressure has been studied. In
Fig. 8, for example, the distance of the peak axial pressure be-
low the original target surface is plotted as a function of the
time for lead-lead impact at v0 = 2.0 cm/jusec and for the
energy equivalent situation for impact at VQ' = 0.76 cm/jusec.
A time lag of A£ = 0.75 /xsec is indicated.

Since the pressure pulse is the basic cause of the cratering
process, two impact situations should be compared at times
when the pulses are equal distance below the target surface.
Accordingly, the energy scaled versions of Z+ and R+ in
Figs. 6 and 7 should be shifted to the right a distance cor-
responding to A£ = 0.75 /zsec.^I In each figure the dashed
curve represents the energy scaled version with the appropri-
ate time correction. This correction leads to agreement be-
tween the energy equivalent impact situations, at least within
the accuracy of the calculations.

In Fig. 9, the magnitude of the peak axial pressure pulse as
a function of the distance below the surface of a lead target
is shown for VQ = 2.0 cm/jusec and for the momentum and
energy equivalent versions of the VQ' = 0.76 cm/jusec calcula-
tions. Impact energy scaling is seen to result in overlapping
values for the pressures when p < 1.0 Mbar.

Energy scaling has also been found to lead to excellent
agreement between impacts at VQ = 2.0 cm/^tsec and VQ' = 0.76
cm//isec for aluminum-aluminum and iron-iron impact.
Overlapping values for the pressure are, for these cases, at-
tained when p <0.2 and p <0.4 Mbar, respectively.

Finally, in Figs. 10 and 11, respectively, the values of Z+
and R+ are shown for aluminum-aluminum impact at several
velocities. These are composite plots in which the energy
and momentum scaled versions of the v0 = 0.76 cm/Atsec,
the ^0 = 4.0 cm/jitsec, and the v0 = 6.0 cm/jusec calculations
are all shown for comparison with the results of the VQ = 2.0

.3 .4 .5 .6 .7 .8 .9 1.0 I.I
DISTANCE FROM TARGET SURFACE (CM)

Fig. 9 Peak axial pressure in lead shown or function of
distance below the original surface of a thick target.

t The same shifting is required for the momentum scaled ver-
sion but would only increase the disparity between the momen-
tum equivalent situations.
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Fig. 11 Total positive radial momentum in a thick alumi-
num target as a function of the corrected time since
impact by an aluminum projectile; the numbers on the

curves indicate the various impact velocities.

cm//isec values. The appropriate time corrections A£ have
already been included in the plots. Excellent agreement is
apparent for the energy equivalent impact situations.

Conclusions

Two impact situations are compared at times when the
location of their peak pressures are an equal distance below
the target surface. For equivalence of two impact cratering
processes in a given material, it is required that at these cor-
responding times the total forward axial momentum Z+, the
total outward radial momentum R+, and the amplitude of the
pressure pulse become equal prior to the onset of strength and
strain-rate effects. This criterion for equivalence is satis-
fied by the impact of geometrically similar projectiles of the
same metal into a thick target of like metal provided the pro-
jectiles are of equal kinetic energy and the impact velocity
exceeds a threshold value for energy scaling. This has been
concluded from a detailed study of aluminum-aluminum,
iron-iron, and lead-lead impact at v0 = 0.76, 2.0, 4.0, and 6.0
cm/jLtsec. The calculations were carried out for cylindrical
projectiles of radius equal to length, L = I.

The formula for the depth of penetration corresponding to
the preceding qualifications is

PC/L = KevQ 2/3 (V0 (7)

where v0* is the threshold velocity for the § law for a particu-
lar metal and Ke the corresponding experimental constant.
These parameters are known from experiment to vary among
alloys of nominally the same metal, reflecting strength and
strain-rate effects that in the later stages of the process deter-
mine the final crater dimensions. If experimental data show
that the penetration of geometrically similar projectiles into
the target of a given alloy varies according to (7) at the upper
end of the experimental range, it is safe to extrapolate at
least to v0 = 6.0 cm//zsec.

A corollary to this is that if the -| law is attained for two
alloys of the same metal but with different values of Ke, this
difference will persist. Strength and strain-rate effects will
not disappear with increasing impact velocity. They will
continue to become predominant during the latter stages of
the cratering process.

To demonstrate the importance of the strength and strain-
rate effects, the experimental data of Halperson17 have been

o

x EXPERIMENTAL

2 3 4 5

IM PACT VE LOG ITY (CM//*, SEC)

Fig. 12 Depth of penetration of aluminum projectiles
impacting thick aluminum targets at a hypervelocity;

the dashed curves are shown for comparison purposes.

used for the energy scaling of aluminum-aluminum impact.
Impact of aluminum spheres into both HOOF and 2014 alumi-
num are considered. In Fig. 12, Halperson's purely empirical
formulas are plotted up to the velocity v0 = 0.76 cm/jusec,
which closely corresponds to the limit of his data. The solid-
line curves at higher velocities show the extrapolations based
on the energy scaling. Also shown for comparison are the
corresponding extrapolations of Walsh and Tillotson (n =
0.62) and the predictions of Bjork (n = -g-).

With the controversy between momentum and energy
scaling apparently resolved, it is anticipated that experimental-
ists and theorists will direct increasing attention to the more
practical geometries for the targets and more likely projectile
materials in the case of meteoroid simulation. Some early
results of studies of the penetration of thin plate targets have
recently become available.10

Appendix

Let p, p, u = (u, 0, v), and / denote the density, pressure,
velocity, and specific internal energy, respectively. Then the
axisymmetric formulation of the visco-plastic equations may
be written in the form:

Mass

(Al)

Radial Momentum

dr
8n ~ See + ̂  (A2)r dz

Axial Momentum

^- ^dt br
0 \ , 1 c) / e \S f

2 2 ) + - - ( rSrz )/ r dr \ /
(A3)
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Energy
.^: + u — +d« dr

dl\
"Si) p divu = (A4)

Here the flow is assumed to be strictly adiabatic and the fol-
lowing notations have been introduced:

P = —p — f fji divu
1 d(ru) , dv

divu = - —— + —r or oz

(A5)

D2 = Drz* + i(L>rr
2 + £W2 + A,2) - f (divu)2

T2 = JLt2D2 Tfj = P5^ + Sij
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